Abstract. We investigate relativistic quantum mechanics (RQM) for particles with arbitrary magnetic moment. We compare two well known RQM models: a) Dirac equation supplemented with an incremental Pauli term (DP); b) Klein-Gordon equations with full Pauli EM dipole moment term (KGP). We compare exact solutions to the external field cases in the limit of weak and strong (critical) fields for: i) homogeneous magnetic field, and ii) the Coulomb 1/r-potential. For i) we consider the Landau energies and the Landau states as a function of the gyromagnetic factor (g-factor). For ii) we investigate contribution to the Lamb shift and the fine structure splitting. For both we address the limit of strong binding and show that these two formulations grossly disagree. We discuss possible experiments capable of distinguishing between KGP and DP models in laboratory. We describe impact of our considerations in astrophysical context (magnetars). We introduce novel RQM models of magnetic moments which can be further explored. 
Introduction

Magnetic Moment in QM
We have recently recognized [1] that an additional physical principle or guiding assumption is required to uniquely characterize relativistic classical particle dynamics with magnetic moment. In the current work we address the quantum dynamics non-uniqueness [2, 3] .
In the following we study relativistic Fermi particles with 'anomalous' a = 0 gyromagnetic ratio g i.e. anomalous magnetic moment (AMM) µ = g e 2mc
where µ B is the Bohr magneton 1 . We address two different models of introducing anomalous magnetic moment in QM:
(a) the Dirac-Pauli (DP) first order equation which is the Dirac equation where g-factor is precisely fixed to the g = 2, with the addition of an incremental Pauli term; and (a) the Klein-Gordon-Pauli (KGP) second order equation which "squares" the Dirac equation and thereafter allows the magnetic moment µ to vary independently of charge and mass, unlike Dirac theory.
These two approaches coincide when the anomaly a vanishes. However, all particles that have magnetic moments differ from the Dirac value g = 2, either due to their composite nature, or, for point particles, due to the quantum vacuum fluctuation effect.
We find that even a small magnetic anomaly has a large effect in the limit of strong fields generated by massive magnetar stars [4] . Therefore it is not clear that the tacit assumption of g = 2 in the case of strong fields [5, 6, 7] is allowed [8] . This argument is especially strong considering tightly bound composite particles such as protons and neutrons where the large anomalous magnetic moment can be taken as an external prescribed parameter unrelated to the elementary quantum vacuum fluctuations, and it is of particular interest to study the dynamical behavior of these particles in fields of magnetar strength. This interest carries over to the environment of strong fields created in focus of ultra-intense laser pulses and the associated particle production processes [9, 10] . We consider also precision spectroscopic experiments and recognize consequences even in the weak coupling limit. We evaluate contributions for precision hydrogen muonic atom Lamb shift experiments [11] .
All the above provides motivation for a closer analysis of how different methods of introducing anomalous magnetic moment to RQM lead to different physical predictions, which allows model elimination by comparison with experiment. While we will discuss consequences of the previously explored DP equation, the majority of the novel material in this paper will deal with the KGP equation which has received less attention in prior literature and thus, for purpose of this work, most of the results need to be newly derived, except where noted otherwise.
One of the important outcomes of this work is the recognition of additional selection criteria for effective field theory (EFT) approaches offered by the presence of strong fields. In the weak field environment, both methods, KGP and DP, are suitable as EFT methods of dealing with magnetic moment. Our results show vital differences in the physical outcomes in presence of strong fields. We will argue that the DP version is not favored and that the KGP-EFT approach may need a further improvement. In our work we address solely point particles, thus challenges of Zemach moments [12] do not enter the present discussion.
The advantage of the the KGP dynamics is that it incorporates both possible signs of the magnetic moment, irrespective of the sign of the electric charge, a choice that is lost in the DP single particle model. The magnetic moment sign choice is tacitly made when writing for the Dirac operator γ · p ± m; choosing minus sign in the mass term we choose the conventional magnetic moment sign, the other sign leads to opposite magnetic moment sign. The incorporation of both magnetic moment signs in fundamental equation for relativistic fermion dynamics doubles the number of degrees of freedom from usual 4 in the Dirac case to 2 × 4 = 8 in the KGP case.
Some may ask why the behavior of effective single particle model theories in the presence of strong external fields warrants our interest. A foundational motivation to offer the present study is that we believe it has never been settled which quantum theory description should be the basis for the development of the quantum field theory of matter and fields: for example Schwinger in the study of Euler-Heisenberg-Schwinger effective EM action [13] computes the vacuum fluctuations adopting as basis the KGP dynamics, followed by factor 1/2 to remove the magnetic moment sign degeneracy as both particles with positive and negative magnetic moment were allowed to fluctuate in the vacuum.
Outline
We introduce in quantitative fashion relativistic quantum equations with anomalous magnetic moment in section 2, presenting both DP (section 2.1) and KGP (section 2.2) equations. Relativistic covariance of both KGP and DP equations is addressed in section 2.3. In section 2. 4 We discuss currents and the physical degrees of freedom inherent to the higher order formulation in section 2.5. This also allows us to comment on the procedure of canonical 2nd quantization, but the full treatment is beyond the scope of the present work.
We then turn in section 3 to study the case of a homogeneous magnetic field. We solve the KGP equation in section 3.1) and analyze the Landau levels using the ladder operator method in section 3.2. We show in section 3.3 that, like the nonrelativistic case, the Landau levels lose their degeneracy in the presence of an anomalous magnetic moment, but that this degeneracy is restored for certain values of the g-factor. We compare these results to the DP case in section 3.4, relying on solutions available in literature [14] . We argue that DP solutions, which do not depend only on the magnetic moment of a particle but in an incoherent way also on anomaly, lack the required physical simplicity we see in the KGP case.
In section 4 we solve the KGP-Coulomb problem and report the exact energy levels along with the perturbative expansion showing the influence of the (anomalous) magnetic moment on the fine structure and Lamb shift which differ from the expressions obtained in Dirac (g = 2) or DP formulations. We evaluate the hydrogen and certain exotic atom effects, searching for an opportunity for further experimental insight in modern spectroscopic experiments.
Section 5 deals with the consequences of strong binding exhibited in critical high strength fields. The appropriateness of using the DP and KGP equations as effective theories is discussed in section 5.1. The case of extreme magnetic fields, such as those found in magnetars, is considered in section 5.2. Section 5.3 suggests an improved version of the KGP equation, which produces better strong field behavior. For critical binding of high-Z nuclei we compare in section 5.4 the analytic solutions of the KGP equation to the numerical solutions of DP presented by Thaller [15] , and review another analysis done by Barut and Kraus [16, 17] . Our findings are summarized in section 6 where we also discuss future research directions.
Relativistic equation with anomalous magnetic moment
Dirac-Pauli equation
The DP formulation is given by the Dirac equation with an additional Pauli term that is responsible for the anomalous moment
where
is the spin tensor that is proportional to the commutator of the gamma matrices and F µν is the standard EM field tensor. Unless otherwise stated, all gamma matrices will be evaluated in the Dirac representation.
The last term in Eq. (2), known as the Pauli term, represents a coupling of magnetic moment to electric and magnetic fields and evaluates to
where we use the conventions
Equation (2) in the non-relativistic limit incorporates the Hamiltonian termĤ
which is the energy due to an anomalous magnetic moment. One refers here to the Shrödinger-Pauli (SP) equation. The popularity of Eq. (2) is due to its close connection to the Dirac equation. Moreover, DP allows for small anomalous moments perturbative exploration of any problem which has known Dirac equation solutions. The disadvantages are also known:
1. The total magnetic moment is obscured having been split into an explicit anomalous contribution; and the implicit contribution buried in the spinor structure of the DP equation. This is not surprising given the ad-hoc nature of introducing anomalous magnetic moment in this way. 2. This formulation is barred from being the basis for a well behaved quantum field perturbative treatment; the interaction Lagrangian, which produces the anomalous moment,
is non renormalizable [18] as the coupling coefficient has natural units of length.
Klein-Gordon-Pauli equation
The KGP equation, unlike the Dirac or its DP extension, is second order in derivatives
For g = 2 one finds Eq. (8) by first considering the Dirac equation
The operator D + is considered to be the "positive mass" operator which vanishes on a wave function with positive mass eigenstate. We can then "square" Eq. (9) by introducing the substitution
into Eq. (9), yielding
where D − is the corresponding negative mass operator. This operator is related to the traditional positive mass operator via chiral operator γ 5 conjugation
We should point out that the substitution Eq. (10) requires some coefficient of proportionality to preserve the required units, which will be discussed further in section 2.4 when normalizing states of Ψ . Making use of the commutation and anti-commutation relations of the gamma matrices, it is easy to verify that Eq. (12) is the KGP Eq. (8) for g = 2.
The KGP formulation was introduced by Fock [19] (however, with g = 2) and subsequently studied by Feynman and Gell-Mann [20] , Brown [2] , in the context of weak interactions. This interest is motivated by the observation that all operators in the wave equation Eq. (8) commute with γ 5 therefore all eigenfunctions are good chiral eigenstates.
On first sight parity seems to be violated by the Pauli term, since it does not commute with γ 0 . However, the parity of EM fields is opposite, and this behavior assures that actual solutions are also parity eigenfunctions. This is seen more explicitly by writing Eq. (4) in the format
The presence in Eq. (8) of a single (Pauli) term which contains the entire spin and thus magnetic moment behavior of the particle makes the separation of charge and magnetic dipole moment more natural. By allowing the g-factor to vary to any value we are able to introduce the anomalous magnetic moment in the context of a second order equation.
The price we pay in the KGP case is losing the connection to the first order Dirac equation and the simple conjugation properties of Eq. (13) . In other words, it is no longer obvious how to convert back to a first order equation without considering some other line of thought. Equation (8) takes on the form of an inhomogeneous KleinGordon equation acting on a four-spinor field.
We can show that Eq. (8) is mathematically distinct from Eq. (2) by attempting to "square" Eq. (2), which produces cross terms between momentum and the Pauli term which are absent in Eq. (8) . Efforts have also been made exploring KGP as the basis of a quantum field theory and its renormalization [21, 22] . KGP has also found use as an effective field theory providing a description of the Compton scattering of low energy protons [23] .
It is of relevance to always remember that the KGP equation remains a 4-spinor equation. We can introduce two 2-spinors which will be of immediate use when we normalize the KGP solutions we will study. Specifically, the stationary wave function Ψ E (x) can be cast into the format This form Eq. (16) shows explicitly that the Coulomb problem involves the full 4-spinor dynamics, while the magnetic field problem naturally separates into upper and lower components.
It is possible to prediagonalize and separate the 4-spinor format into two 2-spinor equations, which is Feynman's preferred form [20] . First we break Ψ into upper and lower components as seen in Eq. (16) 
with
The above procedure is equivalent to expressing the KGP equation in the Weyl or chiral representation. This turns out to complicate the understanding of what particle (and antiparticle) solutions are and we will not use this further in our work.
Relativistic Covariance
A well studied ingredient to relativistic quantum mechanics is the symmetry of the equations under Lorentz transformation for boosts and rotations (Poincaré symmetry by including translations and discrete transformations). More specifically we require that wave equations are a) equivalent when written in another reference frame and b) there exists a prescription of how to relate the equations between the two frames RF and RF . For the Dirac equation this procedure is well-known and will be repeated for completeness. The Dirac equation in the primed frame RF is
We note that the gamma matrices will be unchanged during transformation and that four-vectors transform as
where a µ ν are the set of matrices which facilitate the transformations. The primed wave function ψ must be related to ψ linearly through some matrix S ψ = Sψ ,
which is determined by the structure of Lorentz transformations. For equation Eq. (21) to be equivalent to Eq. (9), the matrix S must satisfy
Using the method of infinitesimal transformations
for arbitrary boosts or rotations S has the form
For the KGP equation, the procedure is similar. We will rewrite Eq. (8) as
where ∇ µ A is the gauge covariant derivative. The tensor h µν can be interpreted as an extended metric tensor. In the frame RF , the Eq. (27a) is
As the tensor h µν is made up of commutators and anticommutators of γ µ , it is unchanged. If we again require that the wave function Ψ transforms linearly then
For the KGP equation to be relativistically covariant then the matrix M must satisfy
Since the metric tensor is unchanged by this transformation, the above equation reduces to
The g-factor which appears in the tensor h µν vanishes in Eq. (31) which means that g-factor does not effect the Lorentz (or Poincaré) covariance of the KGP equation. Therefore magnetic moment does not modify Poincaré symmetry. Without difficulty we can also rewrite Eq. (31) using products of Eq. (24) , which means that
Alternatively this result can be obtained by considering the infinitesimal transformations and making use of the commutator [σ µν , σ αβ ]. The DP equation also is covariant due to Eq. (32).
Conserved currents
Before continuing to the Coulomb 1/r-potential problem which is one of the cases studied in this work we consider how solutions to the KGP equation are to be normalized, asking if the spin structure interferes in some manner. An appropriate Lagrangian that describes the equation of motion in Eq. (8) is given by [23] 
We note that the field Ψ must have units [length] −1 , which differs from the Dirac or DP ψ fields, which have units of [length] −3/2 .
The conserved current can then be expressed as
The conserved current Eq. (34) can be interpreted as the sum of a convection current J Conv and magnetization current J Mag . This is nearly identical to the familiar Gordon Decomposition of the Dirac current, with the exception that the magnetization current is proportional to the gfactor; the only other difference being that the Ψ and ψ fields have different units and therefore differ in constants in front of the current terms
The magnetic current Eq. (35b) is given by the divergence of the spin density, and by antisymmetry of σ βµ it is is conserved. Since the total current J µ Eq. (34) is conserved, J µ Conv Eq. (35a) is also conserved.
Physical degrees of freedom
The case g = 2 arises from the product of two covariant Dirac equations differing in sign of m, see Eq. (12) . Thus in the set of KGP solutions we obtain contains not four but eight types of basis solutions. Aside of spin (2×) and charge (=particle-antiparticle) (2×), we now also have magnetic moment sign (2×). This is so since in the nonrelativistic reduction the sign of m in the Dirac equation is found in the magnetic moment µ ∝ g/(±m). Using the techniques pioneered by Feshbach and Villars [24] , the KGP equation can be explicitly separated into an 8-component equation [25, 26] (these authors restrict themselves to g = 2) showing the larger space the KGP equation occupies when compared to the Dirac equation.
This feature of the KGP equation is desirable since it allows us to pick the opposite sign of magnetic moment for particles doublets such as proton and neutron without inventing a new dynamical equation. We do not see a reason why this interpretation of the doubling of the number of degrees of freedom cannot be maintained for g = 2.
Like in the Dirac and similarly the KG equations, one must wisely choose the basis states that now belong to a relatively large eight degrees of freedom. We take the convective current as the base for the normalization of eigenstates that in the non-relativistic limit become the solutions of the Pauli equation. The normalization reduces therefore to
In the KGP case we have second non-positivity originating in the spinor character of the wave function Ψ E . Inserting Eq. (15) into Eq. (36)
Unlike the case of the KG equation we are dealing with a spinor equation and we need to set up the meaning of Eq. (36) so that particle interpretation is possible. Here we note that KGP normalization combines challenges seen in both Dirac and Klein-Gordon cousins.
The norm Eq. (37) is not positive definite since -Like in KG equation the coefficient E − eV in Eq. (36) can be positive and negative, for the plane wave solutions the norm follows the sign of E, and there are both positive and negative energy solutions. In the KG-Boson case one associates this sign with the charge of the Bose-(anti)particle considered. -In reduction of the spinor Eq. (36) 
where like in the Dirac case we assign the negative energy solutions (for weak fields) to be the antiparticle states associated with a creation operator. The sign arises since in bilinear forms we need to commute
so that the d j |0 = 0 in matrix elements.
All together we have 2 3 = 8 different cases corresponding to 8 degrees of freedom of the KGP equation as we noted earlier.
A complete discussion of this matter reaches beyond our objective for a comparative study of solutions of DP and KGP. However, we do want to remark that in order to compensate the additional sign of E in the norm not present in the Dirac equation, we must assign the antiparticle character to the lower two components of the KGP spinor; that is, to the φ s E in Eq. (37) . The canonical quantization procedure is now implemented as follows: the conjugate momentum Π Ψ to the KGP field Ψ from
where I is the action and we demand
which requires a full set of all 8 different (real) solutions of KGP equations to form a completeness relation implicit in Eq. (41) . The charge operator
is organized to count antiparticle states with opposite sign of charge compared to particles.
Homogeneous magnetic fields
The simplest situation involving magnetism is the behavior of a particle under the influence of a homogeneous magnetic field
where the magnetic field is chosen to point in the z-direction. Therefore, it is an excellent probe of magnetic moment dynamics. The energy levels of charged particles in such fields are known as Landau levels. In nonrelativistic quantum mechanics with magnetic moment the energy levels are given by
where the principle quantum number has the values n = 0, 1, 2 . . . and s = ±1/2 describes whether the magnetic moment is aligned or anti-aligned with the magnetic field. For the case of g = 2, it is common to define the Landau level quantum number
which has values λ L = 0, 1, 2 . . .. As long as there is no anomalous moment, all the Landau levels except the ground state λ L = 0 are double degenerate as there are two combinations of principle quantum number and spin orientation which can produce any given Landau level. This degeneracy is broken by the introduction of an anomalous g = 2 moment
This breaking of degeneracy is shared in the relativistic DP and KGP formulations of this problem, but how that breaking occurs differs between them and will be explored in section 3.5.
The KGP-Landau problem
We see in Eq. (16) that the problem separates into 2-spinor dynamics. To solve for the homogeneous magnetic fields in the KGP case we must choose an appropriate gauge. The two most common are the Landau and symmetric gauges,
respectively. We will choose the symmetric gauge which benefits from preserving rotational symmetry. Solving for χ the KGP, Eq. (8) for homogeneous magnetic fields then becomes
Considering only energy eigenstates and recognizing that p = −i ∇ is the momentum operator and L z = xp y − yp x is the z-component of angular moment, Eq. (48) reduces to
Using the substitutions
we arrive at the Schroedinger-style Hamiltonian equation
with the spin operator defined as S = 2 σ. The Hamiltonian in Eq. (51) consists of three separate systems whose operators mutually commute
We introduce the cyclotron frequency
The three terms are: a) the harmonic oscillator (HO) with characteristic angular frequency ω c = 2ω
b) the free particle Hamiltonian in the z-direction
and c) the magnetic interaction
The magnetic interaction Eq. (54c) is of a familiar form that describes Zeeman splitting including its dependence on the g-factor. Because any operator in one Hamiltonian mutually commutes will all operators of the other two Hamiltonians in Eqs. (54a), (54b), (54c), e.g [H, L z ] = 0, their energy eigenvalues simply add together.
Ladder operators
The Cartesian basis in Eq. (54a) is undesirable because the z-direction angular momentum quantum number z is dependent on the n x and n y HO quantum numbers. It is not too troublesome to disentangle the HO quantum numbers when rewriting the Hamiltonian Eq. (54a) in terms of ladder operators. First, however, we move into an auxiliary basis by introducing complex position and momentum variables
which have the nonzero commutation properties
Using the above,the HO Hamiltonian Eq. (54a) now can be written
We then introduce the ladder operators
with nonzero commutation properties
This converts Eq. (57) into
The benefit of all this labor is that L z can be expressed in terms of these ladder operators
which transforms the HO Eq. (54a) and magnetic Eq. (54c) Hamiltonians into
This formulation depends only on one pair of ladder operators as determined by the right or left handed nature of the mutually orthogonalx,ŷ, andB unit vectors; in this case we've chosen the right handed convention. The energy eigenvalues of Eq. (62) are
The Hamiltonian Eq. (54a) can be used to determine the operator equations of motion via dO/dt = i[H, O]/ yielding the relevant quantities
where π w is understood to be the kinetic momentum in the complex auxiliary variables. The above two equations combined yield the constant of motion
This constant of motion corresponds to the center of the particle's orbit and represents an infinite degeneracy of the system in the xy-plane [27] . The wave function χ is then a two spinor X s of the form
where the ground state wave function χ 0 was arrived at by solving bχ 0 = 0 and f (w) is an arbitrary function that depends on the states χ being an eigenstate of some combination of Eq. (65). The normalization of Eq. (66) depends on the form of |f (w)| 2 , Eq. (37), and the sign of the energy. Now we can finally return to the full Hamiltonian Eq. (52); its eigenvalues rewritten using the ladder operator basis Eq. (58) are
which depends on the principle quantum number with values n = 0, 1, 2 . . . and the already defined spin orientation numbers. The physical relativistic energies can be obtained by undoing the substitutions in Eq. (50) yielding from Eq. (67)
This expression for the relativistic Landau levels is the same [27, 28] as found for the Landau levels for the Dirac equation setting g = 2 in Eq. (68b).
Nonrelativistic energies
Restricting ourselves to the positive energy spectrum, the nonrelativistic reduction of Eq. (68b) can be carried out in the large mass limit yielding
which contains the expected terms such as the nonrelativistic kinetic energy in the z-direction, the first relativistic correction to kinetic energy, the Landau energies, and cross terms that behave like modifications to the mass of the particle.
The DP Landau problem
The Landau levels for the DP equation are known [14] . They are given by
which in our opinion fails Dirac's principle of mathematical beauty when compared to the KGP result Eq. (68b). While both Eqs. (68b) and (70b) have the correct nonrelativistic reduction at the lowest order to Eq. (44), the latter obscures the physical interpretation. The most egregious issue with the DP-Landau levels is that, in a perturbative expansion, it includes cross terms between the g = 2 magnetic moment and anomalous terms in a = (g − 2)/2; thus the result does not depend on the particle magnetic moment alone; there is a functional dependence on the magnetic anomaly a. The presence of these cross terms implies that above first order the results cannot be given in terms of the full magnetic moment alone. In contrast, for the KGP-Landau levels, Eq. (70b), the entire effect of magnetic moment is contained in a single term. Thus Dirac's beauty principle favors heavily the KGP.
State degeneracy
The KGP-Landau and DP-Landau levels above the ground state lose their (accidental) degeneracy for g = 2 as we reported below Eq. (46). This is shown schematically in figure 1 . The anomaly also causes the ground state to be pushed downward, such that E 2 < m 2 ; if the anomaly and the magnetic field are large enough, states above the ground state are also pushed below the rest mass energy of the particle.
However, in the KGP Eq. (68b) we recognize a periodicity considering the energy as a function of g. We recall that in Eq. (68b) n = 0, 1, 2 . . .. As g varies, each time gs/2 crosses an integer value, for a different value of n the energy
Moreover, while for almost all g = 2 the degeneracy is completely broken, this periodicity implies that energy degeneracy is restored for values [29] 
where k = 0, ±1, ±2, . . . The Landau levels Eq. (68a) contain an infinite number of degenerate levels bounded from below. Certain states change the sign of the magnetic energy and their total energies become unphysical in the limit that g k B becomes large; for even k there are k/2 such states and for odd k there are (k + 1)/2.
Hydrogen-like atoms
The hydrogen-like atom provides us a spectroscopic standard candle and one generally explores novel and interesting behavior by comparing against the known Hydrogenlike Dirac spectrum. The Dirac Coulomb solutions are found in many textbooks. The DP case has been discussed extensively by Thaller in Ref. [15] and we compare with these results. What is missing in literature is a solution of the KGP equation, which we accomplish analytically for the Coulomb potential
Here α, when not a vector, denotes the fine structure constant and Z is the integer-charge (in units of |e|) of the nucleus.
The KGP-Coulomb problem
We consider stationary energy states Ψ = e −iEt/ Ψ E and express the derivatives in Eq. (8) in spherical coordinates yielding the differential equation
Here we used
where L 2 is the orbital angular momentum (squared) operator.
In the laboratory frame the Coulomb field is a pure electrical field without an accompanying magnetic field; therefore the Pauli term only depends on electric field and reduces to
It is helpful to introduce Dirac's spin alignment operator
which determines if the spin and orbital angular momentum are aligned or anti-aligned and allows us to write the angular momentum squared operator as
The operator K commutes with α ·r and its eigenvalues are given as either positive or negative integers κ = ±(j + 1/2) = ±1, ±2, . . . , where j is the total angular momentum quantum number. Following the convention of Rose [30] the operator K, which share eigenstates of J 2 , are written as
where κ < 0 are parallel states of j = + 1/2 while κ > 0 are anti-parallel states of j = − 1/2 with ≥ 1. Equation (73) can then be written as
As expected, in relativistic quantum mechanics, the angular momentum eigenvalues must take on non-integer values which in the limit of classical mechanics corresponds to orbits which do not close [31] . This "effective" angular momentum depends explicitly on g-factor. The difficulty of this equation is that the effective angular momentum operator is non-diagonal in spinor space due to the presence of α ·r which mixes upper and lower components. Following the procedure of Martin and Glauber [32] , and Biedenharn [33] we introduce the operator
but with the novel modification that g-factor directly appears in the second term. This operator commutes with the spin-alignment operator K and has eigenvalues
where the absolute values are denoted as λ = |Λ|. The numerator of the last term in Eq. (79) can be then replaced by
If the g-factor is taken to be g = 2, then the differential Eq. (79) reverts to the one discussed in Martin and Glauber's work [32] . The coefficient g 2 /4 − 1 will be commonly seen to precede new more complicated terms, which conveniently vanish for |g| = 2 demonstrating that as function of g there is a "cusp" [29] for |g| = 2. This will become especially evident when we discuss strongly bound systems in section 5, which behave very differently for |g| < 2 versus |g| > 2.
Eigenstates of both L and E then satisfy
which is diagonal having removed the odd matrix operator in Eq. (79) but at a cost of doubling the number of solutions introducing both ±λ spectra. It is helpful to introduce dimensionless radial variable ρ and associated quantities
The wave function Ψ is separable into a product of radial and angular functions. We will return to the angular wave functions in section 4.2. The radial wave function can be substituted with Ψ ∝ U/r allowing us to rewrite Eq. (83) as
The radial wave function, obtained by taking both the ρ → 0 and ρ → ∞ limits of Eq. (85), is given by
While the general mathematical solution allows both positive and negative ν, only positives values will reproduce the KG-Coulomb or Dirac-Coulomb spectrum for appropriate values of g-factor, therefore at this time we will only assume positive values. The other solutions are too singular and cannot be normalized. The radial normalization is then
The orthogonality of the angular parts are considered separately. The series F (ρ) is the confluent hypergeometric function
truncated at the term a+n r = 0 to satisfy Eq. (85), where n r is the node quantum number which takes on the values n r = 0, 1, 2, . . . The energy levels of the KGP-Coulomb equation are then
Equation (89a) is the same "Sommerfeld-style" expression for energy that we can obtain from the Dirac or KG equations. The difference between them arises from the expression of the relativistic angular momentum which depends on g-factor for the KGP equation. The KGP eigenvalues Eq. (89a) were also obtained by Niederle and Nikitin [34] using a tensor-spinorial approach for arbitrary half-integer spin particles.
Angular functions
The spherical part of the wave function is given by Ω K,Jz L , which are orthonormal spherical eigenspinors of the operators L, K, J 2 , and J z . More detailed information for the angular solutions can be found in Martin and Glauber [32] . To define the angular part it is first useful to define angular eigenstates of good parity (eigenstates of γ 0 ), being also eigenstates of K, J 2 , and J z operators
which can be written as a
for states where parity and spin orientation eigenvalues have opposite signs sgn( γ 0 ) = −sgn( K ) and
for where parity and spin orientation have the same sign sgn( γ 0 ) = sgn( K ). The Y m are the traditional orthonormal spherical harmonics and X ± ± are eigenspinors of Σ z and γ 0 with
Because L and the parity operator γ 0 do not commute, the states Ω 
The overall wave function including the radial part Eq. (86a) is then
Dirac and Klein-Gordon Spectrum
Because we are treating g-factor as a unbounded parameter we need to verify that the Dirac and Klein-Gordon energy spectra, which can be found in most texts, see for example Baym [31] and Itzykson and Zuber [35] , emerges from the appropriate limit of g-factor. In the limit that g → 2 for the Dirac case the expressions for λ and ν reduce to
This procedure requires taking the root of perfect squares; therefore, the sign information is lost in Eq. (96a). As long as Z 2 α 2 < 3/4 we can drop the absolute value notation as ν is always positive. The energy is then given by
The +1 +0 notation is read as the upper value corresponding to the +λ states and the lower value corresponding to the −λ states.
The ground state energy (with: n r = 0, Λ < 0, j = 1/2) is therefore
as expected for the Dirac-Coulomb ground state. Equation (97) reproduces the Dirac-Coulomb energies and also contains a degeneracy between states of opposite λ sign, same j quantum number and node quantum numbers offset by one
which will see in section 4.4 corresponds to the degeneracy between 2S 1/2 and 2P 1/2 states. There is no degeneracy for the E 0,j −λ states. In the limit that g → 0, which is the KG case, the expressions are given by
which reproduces the correct expressions for the energy levels for the Klein-Gordon case
except that in this limit we are still considering the total angular moment quantum number j rather than orbital momentum quantum number . It is interesting to note that the KG-Coulomb problem's energy formula contains + 1/2, which matches identically to our half-integer j values; therefore, this artifact of spin, untethered and invisible by the lack of magnetic moment, does not alter the energies of the states. The degeneracy in energy levels are given by
with levels of opposite λ sign, same node quantum number and shifted j values by one. In a similar fashion to the Dirac case, here we have no degeneracy for E nr,1/2 −λ states. In section 4.4 we will convert from n r , j and ±λ to the familiar quantum numbers of n, j and allowing for easy comparison with the hydrogen spectrum in standard notation.
Nonrelativistic limit for energies
The first regime of interest to understand the effect of variable g in the KGP-Coulomb problem is the nonrelativistic limit characterized by the weak binding of low-Z atoms. This will allow us to compare directly with the Schroedinger hydrogen-like atom energies. We start by expanding Eq. (89a) in powers of Zα to compare to the known hydrogen spectrum. To order O(Z 4 α 4 ) the energy levels are given by E nr,j ±λ
where primed ν ±λ indicate derivatives with respect to Zα. These derivatives evaluate to
Equation (103) then simplifies to
In the non relativistic limit, the node quantum number corresponds to the principle quantum number via n r = n − j − 1/2 with n = 1, 2, 3 . . . Using Eqs. (105) and (80) we see that in the non relativistic limit +λ corresponds to κ > 0 or anti-aligned spin-angular momentum with j = −1/2 and ≥ 1. Conversely −λ corresponds to κ < 0 or aligned spin-angular momentum with j = + 1/2. With all this input we arrive at E n,j κ>0 κ<0
Lastly we recast, for the κ > 0 states, the principle quantum number as n + 1 → n with n ≥ 2 and we simply relabel n → n for κ < 0 states. This allows Eq. (106) to be completely written in terms of n, j, and as
where it is understood that n− ≥ 1, this condition allows us to write what was previously described in Eq. (106) as two distinct spectra now as a single energy spectra. In the limit g → 2 or g → 0 the correct expansion to order Z 4 α 4 of the Dirac or KG energies are obtained. In the following we explore some consequences of our principal nonrelativistic result, Eq. (107).
Lamb Shift
The breaking of degeneracy in Eq. (107) between states of differing orbital quantum number, but the same total angular momentum j and principle quantum number n is responsible for the Lamb shift due to anomalous magnetic moment. The only term in Eq. (107) (up to order Z 4 α 4 ) that breaks the degeneracy between the E n,j =j+1/2 and E n,j =j−1/2 states for n ≥ 2 is the fourth term. This is unsurprising as it depends exclusively on quantum number and n. The lowest order Lamb shift due to anomalous magnetic moment is then
For the 2S 1/2 and 2P 1/2 states Eq. (108) reduces to
Our result in Eqs. (108) and (109) is sensitive to g 2 /8 − 1/2 = a + a 2 /2. Traditionally the Lamb shift due to an anomalous lepton magnetic moment is obtained perturbatively [35] by considering the DP equation which is sensitive to g/2 − 1 = a the shift takes on the expression at lowest order
It is of experimental interest to resolve this discrepancy between the first order DP equation and the second order fermion formulation KGP. We recall the present day values a e = 1159.65218091(26) × 10
a µ − a e = 6.2687(6) × 10 −6 .
The largest contribution to the anomalous moment for charged leptons is, as indicated the lowest order QED Schwinger result a = α/2π. For the KGP approach, the anomalous g-factor mixes contributions of different powers of fine structure α. Precision values for the fundamental constants are taken from [39] . For the 2S 1/2 -2P 1/2 states, the shift is
The scale of the discrepancy between KGP and DP for the hydrogen atom is then
gLamb,KGP −∆E
= 1.62881214 × 10 −10 eV = 39.3845030 kHz , without taking into account the standard corrections such as reduced mass, recoil, radiative, or finite nuclear size; for more information on those corrections please refer to [36, 37, 38, 39] . It is to be understood that the corrections presented here are illustrative of the effect magnetic moment has on the spectroscopic levels, but that further work is required to compare these to experiment: for example we look here on behavior of point particles only. While the discrepancy is small for the hydrogen system, it is ≈ 40 kHz and will be visible in this or next generation's spectroscopic experiments. The discrepancy is also non-negligible for hydrogen-like exotics such as protonantiproton because the proton g-factor is much larger g p = 5.585694702(17) , a p = 1.792847351 (9) . (114) The discrepancy for the proton-antiproton system is
The Lamb shift is of interest to the muonic-hydrogen system as is used to measure the proton charge radius R µLS p . Experimentally, the exotic atom study yields [11] 
which is 4% off the CODATA value for the proton charge radius R COD p
a discrepancy of 7 sigma. In terms of the Lamb shift, assuming the CODATA value, this corresponds to an unexplained additional shift of approximately 0.31 meV. The modification to the µP Lamb shift due to the KGP equation for muonic-hydrogen, the KGP-DP discrepancy is
which is too small to explain the result of Pohl et. al. [11] . However, this does not disqualify the possible magnetic moment involvement in this discrepancy: the magnetic moment coupling via KGP equation should be considered in the study of scattering cross section of electrons on protons which is a decisive input into the CODATA proton radius value. Moreover, we see effects related to other relativistic forms of magnetic moment interaction which can modify the muonic Lamb shift. We return to these questions at the end of this work.
Fine structure
The fifth term in Eq. (107), which depends on j and n, will shift the levels due to an anomalous moment, but does not contribute to the Lamb shift. Rather this expression, which contains the spin-orbit L·S coupling, is responsible for the fine structure splittings. From Eq. (107) the fine structure splitting is given by
The splitting between the 2P 3/2 and 2P 1/2 states is therefore
In comparison the fine structure dependence on g-factor in the DP equation is given as
Just as in the case of the Lamb shift, we find that the KGP and DP equations disagree for fine structure splitting. For the hydrogen atom this discrepancy is
= 6.10804553 × 10 −11 eV = 14.7691885 kHz , and for proton-antiproton, the fine structure splitting discrepancy is
For fine structure of the muonic-hydrogen system, the KGP-DP discrepancy is
We can make a general observation that non minimal magnetic coupling, such as we have studied in the DP and KGP cases, enlarge energy level splittings. The above shows that these discrepancies will remain when calculating within more realistic finite nuclear size context.
5 Critical binding
Applicability of DP or KGP to critical fields
Care must be taken when interpreting the results presented in section 3. For physical electrons the AMM interaction is the result of vacuum fluctuations whose strength also depends on the strength of the field. For example in the large magnetic field limit a QED computation shows that the ground state is instead of Eq. (70b) given by [40] 
which even for enormous magnetic fields does not deviate significantly from the rest mass-energy of the electron. Further the AMM radiative corrections approach zero for higher Landau levels [41] . Therefore the AMM in the case of electrons does not have a significant effect in highly magnetized environments such as those found in astrophysics (magnetars). The situation is different for composite particles such as the proton, neutron and light nuclei whose anomalous magnetic moments are dominated by their internal structure and not by vacuum fluctuations. In this situation we expect that the AMM interaction in high magnetic fields remains significant. Therefore, asking whether the DP or KGP equations better describes the dynamics of composite hadrons and atomic nuclei in presence of magnetar strength fields is a relevant question despite the standard choice in literature being the DP equation [42] . The same question can be asked for certain exotic hydrogenlike atoms where the constituent particles have anomalous moments which can be characterized as an external parameter.
Homogeneous magnetic fields
As noted in section 3.2 the magnetic moment anomaly can flip the sign of the magnetic energy for the least excited states causing the gap between particle and antiparticle states to decrease with magnetic field strength. Setting p z = 0 in Eq. (68a), we show in figure 2 The n = 0, s = 1/2 ground state for a KGP electron given by Eq. (68b) with g/2 − 1 = α/2π in a homogeneous magnetic field. We consider the particle with no z-direction momentum. The particle state (solid red) and antiparticle (dashed red) are presented.
zero where the gap between particle and antiparticle states vanishes for the field 
where B S is the so-called Schwinger critical field [13] . 
The numerical results are evaluated for the anomalous moment of the electron and proton, given by Eq.(111a) and (114). At the critical field strength B crit the Hamiltonian loses self-adjointness and the KGP loses its predictive properties. The Schwinger critical field Eq. (127a) denotes the boundary when electrodynamics is expected to behave in an intrinsically nonlinear fashion, and the equivalent electric field configurations become unstable [43] . However, it is also possible that the vacuum is stabilized by such strong magnetic fields [8] . The critical magnetic fields as shown in Eq. (126a) appear in discussion of magnetars [4] . The magnetar field is expected to be more than 100-fold that of the Schwinger critical magnetic field which is on the same order of magnitude as B crit for an electron. While the critical field for a proton exceeds that of a magnetar, the dynamics of protons (and neutrons) in such fields is nevertheless significantly modified. A correct description of magnetic moment therefore has relevant consequences to astrophysics. Figure 3 shows analogous reduction in particle/antiparticle energy gap for the DP equation. In this case the vanishing point happens at a larger magnetic field strength. This time the solutions continue past this point, but require allowing the states to cross into the opposite continua which we consider unphysical. We are not satisfied The n = 0, s = 1/2 ground state for a DP electron given by Eq. (70b) with g/2 − 1 = α/2π in a homogeneous magnetic field. We consider the particle with no z-direction momentum. The particle state (solid red) and antiparticle (dashed red) are presented.
with either model's behavior though the KGP description is preferable for reasons stated earlier in section 3. However, it is undesirable that both KGP and DP solutions loose physical meaning and vacuum stability in strong magnetic fields.
Extension to the KGP Equation
We have seen that at a sufficiently strong magnetic field an unexpected instability can occur in the presence of magnetic field alone. Of interest is a further extension capable of restoring the stability of the system. We show that such an improvement of the KGP equation is possible. This opens a new research direction which is beyond the scope of this work. However, it is so easy to show how this works that we cannot resist the temptation. The approach is based on noting a self-evident relationship between magnetic moment and mass. The constituent equation, which we will refer to as the Improved-KGP or IKGP, takes the form
We introduce
as an effective magnetic mass which is off-diagonal in spinorspace in the Dirac representation. IKGP differs from the KGP by the presence of the additional interaction term
which is proportional to the square of the magnetic moment
where the invariants of the EM field are defined as
This modification can be thought of as "completing the square"of KGP.
For the homogeneous magnetic field the IKGP equation can be solved in much the same way as the KGP equation in section 3. One obtains eigenvalues noting a simple shift that occurs in view of Eq. (130) which predicts a shift of m 2 quadratic in the magnetic field. The resulting energy levels are
An interesting feature is that in the ultra-high magnetic fields (B >> B s ), Eq. (133) approximates
which is not dissimilar to the non-relativistic case where the magnetic energy is simply proportional to the magnetic field.
The most striking feature is that the ground state remains physical for all values of magnetic field when an anomalous moment is included and the self-adjointness of the system is not lost for some critical magnetic field strength. It can be then thought that the magnetic field provides a stabilizing influence on the system. Rather, there exists a "magnetic minimum" located for n = 0, s = 1/2 at
which for an electron is 
We are in particular interested in the environment of the magnetar stars. We thus evaluate using Eq. (114) the minimum for a proton
which can be seen in figure 4 . Here it is understood that for the calculation of the proton's magnetic minimum, the nuclear mass and magneton was used rather than the electron Bohr magneton. For large enough g-factor, excited states may also contain a minimum, but for any nonzero anomalous moment the ground state always does.
The Coulomb problem
For the case of g = 2 hydrogen-like systems with large Z nuclei, there is extensive background related to the long study of the solutions of the Dirac equation [5, 6, 7] . For g = 2 and 1/r singular potential we refer back to the exact expression for the energy levels in Eq. (89a). In the situation of critical electric fields, states lose self-adjointness for large Z. For |g| < 2, just as in the Dirac energy levels for 1/r singular potential, but if |g| > 2 there is merging of particle to particle states (and antiparticle to antiparticle) for states of the same total angular momentum quantum number j, but opposite spin orientations. This behavior can be seen in figure 5 , which shows the meeting of the 1S 1/2 and 2P 1/2 states. For |g| < 2 there is no state merging, but for small anomalies the solution is discontinuous in the sense that even for 1S 1 /2 we see in figure 5 a maximum allowed value of Z at a finite energy. This behavior is reminiscent of the behavior we are familiar with for 1/r potential for the 2P 1 /2 (seen in figure 5 ) and many other g = 2 eigenstates. We know from study of numerical solutions of the Dirac equation that the regularization of the Coulomb potential by a finite nuclear size removes this singular behavior. It remains to be seen how this exactly works in the context of the KGP equation allowing for the magnetic anomaly.
The Dirac g = 2 case acts as unique "cusp" point because even for very small anomalies, as emphasized in figure 1 , the behavior of the states is strongly modified for the situation of high intensity Coulomb fields which are present in large Z hydrogen-like nuclei.
Thaller [15] presented numerically computed DP equation energy levels for large Z hydrogen like atoms. These numerical solutions involve crossings in energy levels between states with the same total angular quantum number j, but differing spin orientations such as 1S 1/2 and 2P 1/2 ; these states also have the behavior of diving into the antiparticle lower continuum even for 1/r-potential. These features are not present for the KGP-Coulomb solution. However, there is a similarity between the numerical solutions of the DP equation and our analytical KGP solu- tions, because for |g| > 2 the merging states as described above correspond to the crossing states in the DP solution. The DP equation also allows for the so-called superpositronium states as described by Barut and Kraus [16, 17] . Such states represent resonances due to the magnetic interaction that reside incredibly close to the center of the atom i.e r 2 ≈ aα /mc, but this feature is absent from the KGP formation of the Coulomb problem as all KGPCoulomb wave functions which can be normalized can be successfully matched to their Dirac (g = 2) companions.
Because analytical solutions of DP equation, unlike our results for KGP, are not available it is hard to pinpoint precisely the origin of the diverse unpalatable behavior. However, we can hypothesize that the problems arise due to the pathological structure of DP equation where the magnetic anomaly rather than full magnetic moment appears. In any case we see that the Thaller solutions present pathologies quite akin to those we already described in our study of Landau energies. On the other hand KGP framework for large Z shows some exciting and nice analytical behavior.
Conclusions
As we discussed in this work, there have been two natural extensions of the relativistic quantum mechanics to include anomalous magnetic moments; we also proposed a third one in section 5.3. Our study shows that description of magnetic moment in the context of relativistic quantum physics is today an unfinished subject. In view of the results presented we recognize that inherent to DP is a division of magnetic moment, a conserved quantity, into two different mathematical components. Readers who think that anything, but DP, is an invalid framework have to be at peace with this while rejecting a more natural unified description within the KGP dynamics.
Looking back at our results we highlight the comparison of magnetic moment dynamics of DP and KGP formulation of relativistic quantum mechanics. The DP equation breaks up the magnetic moment into an underlying spinor structure part inherent to the Dirac equation, and a dedicated anomalous part. In contrast, for the KGP, the entire effect of magnetic moment is contained in a single Pauli term irrespective of the magnetic moment's size. We find that the two models disagree in their predicted energy levels for the homogeneous magnetic field and the Coulomb field.
-For Landau levels both Eqs. (68b) and (70b) have the correct non-relativistic reduction at lowest order to Eq. (44), the latter is much more unwieldy and obscures the physical interpretation. Moreover, in the relativistic limit the DP-Landau level energies Eqs. (44) and (70b) is that they include cross terms between the g = 2 magnetic moment and anomalous terms in a = (g − 2)/2, thus the result does not depend on the particle magnetic moment alone, there is a functional dependence on the magnetic anomaly a as well. This is in our opinion not acceptable. On the contrary, for the KGP-Landau levels, Eq. (68b), we have a simple dependence on the full magnetic moment g-factor. This simplicity allows, for the KGP equation, the straightforward analysis of physical systems and elegant expressions for their solutions. Thus Dirac's beauty principle favors heavily the KGP considering the Landau levels. -In the case of the Coulomb field there are even for weak fields measurable differences in both the Lamb shift and fine structure; the contribution to the Lamb shift and fine structure splitting are proportional to: KGP g 2 /8 − 1/2, Eq. (108) and g 2 /8, Eq. (119) respectively, rather than: DP g/2−1 Eq. (110)) and g/2−1/2, Eq. (121)) respectively. -For strong fields, both DP and KGP share the behavior of a shrinking particle/antiparticle gap for the ground state when |g| > 2, though the expressions differ from each other, see section 5.2). The models are extremely different in both their predicted energy values and the ultimate fate of the states as B increases. For the KGP equation, the gap vanishes for in very strong magnetic fields Eq. (126a), and for DP the fields have to be even stronger. In both cases this behavior is unphysical and this issue can be resolved by the modification introduced as the IKGP equation Eq. (128) for homogeneous magnetic fields in section 5.3. The IKGP equation produces new phenomena which we hope to address separately in near future. -For strong fields with large Z hydrogen-like atoms, in the KGP model, there is a difficult to interpret merging of states that share the same total angular momentum, but differ in orbital angular momentum; the states lose physical meaning at the merging point (see figure 5) . These are the same states that are problematic in the DP equation in that they cross, rather than merge. Either case indicates interesting physics involving these states.
This shows that both formulations of magnetic moment, DP and KGP, cannot be simultaneously correct and it is likely that one of these descriptions more closely describes nature. The quantum level splitting differences, which are on the order of tens of kHz for the hydrogen atom, are either already within reach or will soon be in reach of modern spectroscopic experiments. These differences, however, are not sufficient to explain mysteries such as the proton radius puzzle of Pohl et. al. [11] . However, we did not study the relativistic scattering in KGP context which provides the other 'end' of the puzzle. We also see further opportunity since there can be still better effective approaches characterizing point magnetic moment dynamics in the realm of RQM (section 5.3).
Because for the time being the magnetic moment interaction cannot be uniquely defined in quantum mechanics as discussed here, a behavior we also found in the classical dynamics, [1] , there is a strong motivation to continue the study of different models of this phenomenon until a convincing formulation emerges, or the experiment can settle which of the models better reflects reality. While the benefit of such study to atomic and nuclear systems is immediately obvious, there are ramification relevant to stellar astrophysics as discussed in sections 5.2 and 5.3 and cosmology through the study of (Dirac) neutrinos which are predicted [44] to have a small, but yet undetected, magnetic moment.
